ON THE BANACH-MAZUR TYPE FOR NORMED SPACES 



ROBIN NITTKA 



Abstract. In order to measure qualitative properties we introduce a notion 
of a type for arbitrary normed spaces which measures the worst possible growth 
of partial sums of sequences weakly converging to zero. The ideas can be traced 
back to Banach and Mazur who used this type to compare the so-called linear 
dimension of classical Banach spaces. As an application we compare the linear 
dimension and investigate isomorphy of some classical Banach spaces. 



1. Introduction 

Since the beginning of functional analysis, a lot of questions have been asked 
about the possible structure of Banach spaces, and it turned out that one can 
construct spaces having the strangest properties. Among the most prominent ex- 
amples are the reflexive Tsirelson space into which neither an £ p space nor Co can be 
embedded |Tsi74j . a space found by Gowers and Maurey not containing an uncon- 
ditional basic sequence |GM93j . and the recent positive solution to the "scalar plus 
compact problem" due to S. Argyros and R. Haydon. A more detailed list of exotic 
properties that Banach spaces may exhibit can be found in the survey articles of 
Maurey |JL01| Chapter 29] and Gowers |Gow94j . 

Despite or maybe because of the abundance of vastly different Banach spaces 
people started to classify the spaces on the basis of some of their most important 
characteristics in order to find some general principles how the various kinds of 
Banach spaces look like. Simple criteria to distinguish spaces include qualitative 
properties such as reflexivity or separability. More sophisticated investigations also 
aim towards qualitative descriptions of the structure, for example the celebrated 
Rademacher type and cotype which was first investigated by Maurey and Pisier 
in the 1970s. Soon it turned out that the type and cotype already carry enough 
information to characterize the Hilbert spaces among all Banach spaces; this is a 
deep result due to Kwapieh [Kwa72]. It should be pointed out that the Rademacher 
type is a local concept, i.e., its numerical value for a normed space X depends only 
on the structure of the finite dimensional subspaces of X. 

In the present article we propose a new qualitative measure of the geometry 
of Banach spaces, i.e., a new kind of type, which we call the Banach- Mazur type. 
This is a global concept which was implicitly introduced in Banach's book [Ban32, 
XII. §3] as joint work with Mazur for the special case of L p (0, 1) and £ p in order to 
investigate the so-called linear dimension of those spaces, see Section [H Although 
it is possible to determine the Banach-Mazur type of £ p by elementary calculations 
similar for example to the techniques of Banach's proof of Schur's theorem |Ban32| 
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p. 137], we follow a more elegant approach based on properties of the canonical 
Schauder basis of l v . As an immediate application we are able to prove the well- 
known fact that i v is not isomorphic to t q for 1 < p < q < oo, compare Remark l7.3l 
Another interesting point is that in contrast to the type and cotype introduced by 
Maurey and Pisier the Banach-Mazur type is able to show that for any p £ (2, oo) 
the spaces £ p and L p (0, 1) are not isomorphic. 

The article is organized as follows. In Section[2]we define the Banach-Mazur type 
and the unconditional Banach-Mazur type. In Section [3] we collect some properties 
which prove to be useful for the calculation of the type. Section [4] generalizes some 
ideas of |Ban32[ XII. §3] and shows how this technique can be used to investigate 
the so-called linear dimension of Banach spaces. Section[5]relates the unconditional 
Banach-Mazur type of a product of Banach spaces to the unconditional Banach- 
Mazur type of its factors. This is interesting mainly because it provides us with 
an example where the unconditional Banach-Mazur type is more useful than the 
Banach-Mazur type. To actually compute the type of classical spaces, we will utilize 
basic facts from the theory of Schauder bases. For the abstract setting this is done 
in Chapter [H Finally, Section [7] explicitly determines the Banach-Mazur types for 
some classical Banach spaces by applying the results of the preceding sections. Of 
course, a lot of interesting problems remain open after this rough investigation of 
the Banach-Mazur type. Some questions are collected in Section [8l 

2. Definition 

Definition 2.1. Let A be a normed vector space, p <E [l,oo]. As usual, we set 
■i:=0. 

oo 

(i) We say that A is of Banach-Mazur type p (or simply of type p) if the following 
condition is fulfilled. Whenever (x n ) is a sequence in A which converges 
weakly to there exists a subsequence (x nk ) of (x n ) and a constant C > 
such that ||Ef=i x n k || < CAT 1 /" for all N G M. 

(ii) We say that X is of unconditional Banach-Mazur type p (or simply of un- 
conditional type p) if the following condition is fulfilled. Whenever (x n ) is a 
sequence in X which converges weakly to there exists a subsequence (x nk ) 
of (x n ) such that for every subsequence (x nk ) of (x nk ) we find a constant 

C > satisfying \\J2iLi x n H || < CN 1 /" for all N e M. 

(iii) We call 

T(A) := sup {p £ [1, oo] : X is of type p] (1) 
the (Banach-Mazur) type of X and 

UT(A) := sup{p G [1, oo] : X is of unconditional type p} (2) 
the unconditional (Banach-Mazur) type of X. 

3. Basic Properties 

Some properties of the type and the unconditional type are immediately obvious. 

(PI) Because every weakly convergent sequence is bounded, the sets in |TJ and ([2| 

are not empty, i.e., T(A) > 1 and UT(A) > 1. 
(P2) If A is of type p, then A is also of type q whenever 1 < q < p, and similarly 

for the unconditional type. Thus the sets in (U) and ([2j) are in fact intervals. 
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(P3) If X is of unconditional type p, then X is also of type p, hence XJT(X) < T(X) 
for every normed space X. 

Now we compare the type of spaces which are related by inclusion or isomorphy. 

Lemma 3.1. Let X be a normed space of type p E [1, oo] and let U be a subspace of 
X equipped with the induced norm. Then also U is of type p. A similar statement 
is true for the unconditional type. Hence T(U) > T(X) and UT(t/) > UT(X). 

Proof. Let X be of type p and let (x n ) be a sequence in U which converges weakly to 
in U. Then (x n ) can also be considered as a sequence in X, and it is easily checked 
that it converges to weakly in X. Hence by definition ||S*=i a '«*|| — CN 1 /" 
for some subsequence and some constant C . The same argument applies to the 
unconditional type. □ 

Lemma 3.2. Let X be a normed space and let Y be its completion. Then X is of 
type p if and only if Y is of type p. The same is true for the unconditional type. 
Thus T(X) = T(Y) and UT(X) = UT(Y). 

Proof. Because X is a subspace of Y one of the implications follows from Lemma[3J] 
Now let X be of type p. Fix a sequence (y n ) in Y such that y n — in Y, Since 
X is dense in Y there exist vectors x n E X such that \\x n — y n || < ^r- Note that 
then also x n — 1 in X. Hence by assumption there exist a subsequence (x nk ) and 
a constant C such that ||X}fcLi x n k \\ < CN^ P . For the corresponding subsequence 
(Un k ) we have 

N N N 

||I>»*|| ^ ||I>«*||+Slk*-^ll <c^ Vp + i< (c + i)n^. 

k=l fe=l fe=l 

This shows that Y is of type p. The same proof works for the unconditional type. □ 

The Banach-Mazur type is non-local, i.e., it can not be computed from its values 
for the finite dimensional subspaces. However, it depends only on the structure of 
the separable subspaces. We record this observation in the following lemma. 

Lemma 3.3. Let X be a normed space. Then 

T(X) = inf T(U) and UT(X) = inf UT(f/), 

where U varies over all closed separable subspaces of X . 

Proof. It follows from Lemma O that T(X) < m{uT(U). Hence for T(X) = oo 
the first equality is proved. Otherwise, i.e., if T{X) < oo, let q > T(X) be arbitrary. 
Then there exists a sequence (x n ) in X such that x n — v in X and 

Uxr^N II 
SUp — , = OO 

New N f" 

for every subsequence (x nk ) of (x n ). Denote by V the space closure of the space 
span{x„ : n E IN}. Then V is a closed, separable subspace of X and it follows from 
the Hahn-Banach theorem that x n — in V. By construction V is not of type q, 
hence T(V) < q according to (FEJ). This shows M V T(U) < T(V) < q. Taking 
the infimum over all q > T(X) we obtain infy T(U) < T(X). The proof for the 
unconditional type is similar. □ 
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Lemma 3.4. If two normed spaces X and Y are isomorphic, then X is of type p 
if and only ifY is of type p. A similar statement holds for the unconditional type. 
In particular T(X) = T(Y) and UT(X) = UT(Y). 

Proof. Let X be of type p and let J: X — > Y be an isomorphism. Fix a sequence 
(y n ) satisfying y n — 0. Then also x n := J~ 1 y„ — v 0. Hence there exists a subse- 
quence (x„ fc ) and a constant C such that ||X^fe=i x n k \\ < CN 1 l p . Consequently, for 
the corresponding subsequence y nk = Jx nk , ||X)fcLi UnAl < ||J||CiV 1 / p . This shows 
that also Y is of type p. Since the statement is symmetric with respect to X and 
Y, the claim follows for the type. The proof for the unconditional type is almost 
identical. □ 

4. Applications to the Linear Dimension 

Banach and Mazur introduced the Banach-Mazur type only for the spaces £ p 
and L p . They used it as a tool to compare the so-called linear dimension of these 
spaces. Their ideas can be applied in an abstract situation. As a special case we 
obtain their original results. We show Corollary 14.41 as an example, but the other 
results about the linear dimensions of £ p and L p (0, 1), p e (1, oo), can be obtained 
in the same way. 

Let X and Y be two Banach spaces. We say that the linear dimension of X 
does not exceed the linear dimension of Y if X is isomorphic to a closed subspace 
of Y, and for this we write dim^ X < dime Y. If neither dim^ X < dime Y nor 
dim^ Y < dim^ X holds, we say that X and Y are of incomparable linear dimension. 

Lemma 4.1. Let X and Y be Banach spaces, let X be reflexive, and let T G 
Jz?(A, Y) be onto. If X is of type p £ [1, oo], then also Y is of type p. A similar 
statement is true for the unconditional type. Hence T(A) < T(Y) and UT(X) < 
UT(Y). 

Proof. The operator T is open according to the open mapping theorem. Hence 
there exists c > such that for every y e Y we find x € X satisfying Tx = y 
and ||z[| < c\\y\\. Let (y n ) be a sequence in Y, y n — 1 0, and choose (x n ) such that 
Tx n — y n and ||x n || < c||y„||. Then (x n ) is bounded in X. After passing to a 
subsequence we may therefore assume that x n x. Then y n = Tx n — »■ Tx, thus 
Tx — 0. Letting x n := x n — x we have x n — and Tx n — y n . By assumption 
we can choose a subsequence of (x n ) such that ||X^fe=i %n k || — CxN^ p for some 
constant C x > 0. But then ||£feLi2M fc || < CyN 1 /" for C Y ■= \\T\\C X . This shows 
that also Y is of type p. The same reasoning works for the unconditional type. □ 

Remark 4.2. In particular, the lemma shows the following: Let Y be a quotient 
of a reflexive Banach space X, i.e., Y is isometric to X/Z for a closed subspace Z 
of X. Then T(X) < T(Y) and UT(X) < UT(Y). This is similar to LemmaO 

However, the condition of X being reflexive cannot be dropped. To see this, 
recall that every separable Banach space is a quotient off 1 [JLOlI Section 1.4], but 
T(^) = oo > 1 = T(C[0, 1]), see Examples O and EBJ 

Theorem 4.3. Let X and Y be Banach spaces and dhneX < dime Y. IfY is of 
type p G [l,oo], then also X is of type p, thus T(A) > T(Y). IfY is reflexive and 
Y' is of type q G [1, oo], then also X' is of type q, hence T(X') > T(Y'). Similar 
statements hold for the unconditional type. 
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Proof. The first assertion follows from Lemmata l3.4l and l3.11 Now let Y (and hence 
also Y') be reflexive and let T: A — > Y be an isomorphism from X onto a closed 
subspace Z of Y . Then the adjoint T' : Y' X' is onto. In fact, for x' € X' define 
z' := x' o T~ x £ Z' and pick an extension y' £ Y' of z' which exists according to 
the Hahn-Banach theorem. Then T'y' = x' . By Lemma [4~T1 this proves the second 
assertion. □ 

Corollary 4.4 ([Ban32j Theoreme XII.7]). The spaces £ p and £ q are of incompa- 
rable linear dimension for p,q <E (1, oo), p ^ q. 

Proof. Assume dim^ £ p < dim^ £ q for some p, q € (1, oo). According to Theorem 14.31 
this implies T(£ p ) > T(£ q ) and T(£ p ) > T(£ q ). Here p' and q' are the conjugate 
exponents ofp and q, respectively. By Example [721 this shows p > q and > 
implying p = q. □ 

5. Direct Sums of Banach Spaces 

Proposition 5.1. Let Xj be normed spaces. The product Xi * s °f uncondi- 

tional type p if and only if all the spaces Xi are of unconditional type p. In particu- 
lar, we the unconditional type of the product space is UT(0^ 1 Xi) = mini UT(JQ). 

Proof. Without loss of generality we prove the claim only for N = 2. According to 
Lemma [3711 we may choose the norm ||(x,y)|| := + ||j/||x 2 on Xi © A2. First 

let X\ and X2 be of unconditional type p. Let (x n ,y n ) — * in X\ © X%. Then 
x n — ^ in X\ and y n — 1 in A2. We pick subsequences (x nfc ) of (x n ) and (y nk ) of 
(y n ) which simultaneously satisfy the growth conditions as in the definition of the 
unconditional type. Then for any subsequence we can estimate 



N N N 



< 2CN 1/p . 



1 / t v" n k t ' u^k, 

■ £=1 "£=1 1=1 

Thus Ai © A2 is of unconditional type p. 

If, on the other hand, A"i © A2 are of unconditional type p, then also its subspaces 
Xi and A2 are of unconditional type p according to Lemma 13.11 □ 

Remark 5.2. The above argument does not work for the type because it is not 
obvious whether we can pick subsequences which simultaneously satisfy the growth 
conditions. However, if X\ is of type p\ and A 2 is of unconditional type P2, then 
Ai © A2 is of type min{pi,p2}, but not of type q for any q > min{pi,p2}- The 
proof is essentially the same as the above. 

Proposition 5.3. Let Xi be normed subspaces of unconditional type p which are 
contained in a common vector space Z. Then the normed space U ■= C\f =1 Xi 
equipped with the usual norm \\x\\u := Yli=i \\ x \\xi * s of unconditional type p. In 
particular, UT(P| i Xi) > min^ UT(Ai). 

Proof. The space ©^ Xi is of unconditional type p by Proposition ^. II Since Aj 
can be identified with the diagonal in ® ■ Aj, Lemma l3~T1 shows that also f\ Ai is 
of unconditional type p. □ 

Remark 5.4. The above estimate can in general not be improved. In fact, if 
P|j Xi = {0}, then \JT(f] i Xi) — 00 independently of the unconditional types of the 

A,;. 
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6. Some Relations to Schauder bases 



The following proposition can be applied to calculate the type of a whole class 
of Banach spaces. We will use it to determine the type of £ p and cq. Recall that a 
sequence (x n ) in a Banach space X is called a Schauder basis of X if every x G X 
has a unique representation as a convergent series x = J2i a i x i- A sequence (y n ) 
is called a basic sequence if it is a Schauder basis of span{y„ : n e W}. A basic 
sequence (y n ) is called a block basic sequence of the basic sequence (y n ) if it can be 
written in the form u n = Y^i^m * with a strictly increasing sequence (m n ) of 
natural numbers. We call two basic sequences ixn) and (yn) equivalent if Sx n — yn 
extends to an isomorphism between the spans of the sequences. 

Proposition 6.1. Letp 6 [l,oo] and X be a Banach space. Let (e„) be a Schauder 
basis and assume that for every bounded block basic sequence (ye) of (e„) there exists 
a constant c such that ||53^=iW|| — cN 1 ^ for all N. Then X is of unconditional 
type p. 

Proof. Let (x n ) be a sequence in X such that x n — 1 0. We have to show that there 
exists a subsequence (x nk ) such that every subsequence (x nh ) of (x nh ) we find a 
constant C > satisfying 



This is trivial if liminf„ ||x n [| = 0; in this case we may pick C := 1 for a sub- 
sequence (x nk ) such that \\x nk \\ < 2~ k . So without loss of generality (passing 
to a subsequence if necessary) we may assume that there are constants such that 
< £o < ||x n || < M for all n. Now it is possible to pick a subsequence (x nk ) of 
(x n ) which is equivalent to a bounded block basic sequence (yk) of (e„), see [LT77| 
Proposition l.a.12]. In particular, the linear mapping S: span{j/fe} — > X defined 
by Syu '■= x Hk is bounded. Let (x nk ) be any subsequence of (x nk ). Then (x Hk ) is 
equivalent to the bounded block basic sequence (yk e ) of (e„). From the assumption 
we then obtain |(3j) for C := c \\S\\. This concludes the proof. □ 

The following lemma describes a situation in which we can assure that the type 
and the unconditional type coincide. 

Proposition 6.2. Letp € [1, oo]. Assume that X is a Banach space with the follow- 
ing property. Every basic sequence (x n ) in X satisfying x n — * anrfliminf > 
possesses a subsymmetric subsequence (x nk ), i.e., every subsequence (x nk ) of (x n J 
is equivalent to (x nk ) ■ Then X is of type p if and only if X is of unconditional type 
P- 

Proof. One implication is true in general, see (PSJ) • So now let X be of type p and let 
(x n ) be such that x n 0. As is the proof of Proposition [6J] we may without loss of 
generality assume that lim inf \\x n \\ > 0. By passing to a subsequence if necessary we 
can achieve that (x n ) is basic sequence, see the remarks following the proof of |LT77| 
Theorem l.a.5]. By assumption there exists a subsymmetric subsequence (x nk ) of 
(x n ). We claim that (x„ fc ) has the property which Definition 12. II (fiTjl requests. Since 
X is of type p we can find a subsequence (x„- ) of (x„ fc ) and a constant C > such 



JY 




(3) 
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that 

N 

\\J2 x ^U CNl/p ( 4 ) 

1=1 

holds for all JVsM. By subsymmetry (x„~ ) is equivalent to (^ nfc ). Now if (x nkf ) 
is any subsequence of (x nk ) , by assumption (x„ k ) is equivalent to (x nk ) and hence 
also to (ir n ~ ). Thus, as in the proof of Proposition 16. 1\ (j4]) remains valid for (i„ i( ) 
if we multiply C by the operator norm of the corresponding isomorphism. □ 

Example 6.3. The spaces cq and £ p , 1 < p < oo satisfy the assumptions of the 
Lemma ROl To see this, let (e„) be the usual Schauder basis of the respective space 
and let (x n ) be as in the lemma. We can find a subsequence (x nk ) of (x n ) which is 
equivalent to a block basic sequence of (e„), see [LT771 Proposition l.a.12]. Then 
(xn k ) is equivalent to (e„) |LT77| Proposition 2.a.l] and hence subsymmetric. 



7. Examples 

First we consider a class of spaces whose type is particularly easy to compute. 
A normed space X is called a Schur space if every weakly convergent sequence is 
convergent in norm. Examples of Schur spaces are finite dimensional spaces and 
£\ cf. |Ban32l p. 137]. 

Example 7.1. Every Schur space X is of unconditional type oo, hence \JT(X) = 
T(X) = oo. 

Proof. Let (x n ) be a sequence in X such that x n — 1 0. Then x n — > 0. Thus 
there exists a subsequence (x nk ) such that \\x nk \\ < 2~ k . In particular, Ylk=i x nk 
is bounded in X for every subsequence (x Ukl ) of (x Uk ) ■ This shows that X is of 
unconditional type oo. Using (FUJ), the claim is proved. □ 

Example 7.2. For every p G (1, oo) the space i v is of unconditional type p, but not 
of type q for any q > p, hence UT(£ P ) = T(£ p ) = p. Moreover, Co is of unconditional 
type oo, hence UT(co) = T(co) = oo. 

Proof. Consider the sequence (e„) of canonical unit vectors in l v . It is easy to see 
that e„ — and that for any subsequence (e nk ) we obtain 



IE 



i 



N 1 /" for all TV € IN. 



This shows that ^ p is not of type q for any q > p. 

To show that l v is of unconditional type p and that cq is of unconditional type 
oo we apply Proposition 16.11 to the Schauder basis (e n ) of canonical unit vectors. 
First consider the case of £ p . For any bounded block basic sequence (ye) of (e„) we 
obtain lE^Li Vi\\ P = X^=i ll^llp M P N by an easy calculation, where M denotes 
an upper bound for ||t/ n ||p- Similarly, for a bounded block basic sequence (ye) in cq 
we have ||X^=iW|| = max^ ||t/^||oo < Af, where M denotes an upper bound for 
1 1 j/n 1 1 oo - Now Proposition 16.11 asserts that £ p is of unconditional type p and cq is of 
unconditional type oo. The remaining assertions follow from (F(2|) and (F(3]). □ 
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Remark 7.3. Example 17.21 provides a proof (via Lemma l3~4j) of the fact that the 
sequence spaces £ p and £ q are not isomorphic for p ^ q. Of course this is well-known 
and follows also from Pitt's Theorem [Rot 79, §42.3.(10)] or the calculation of the 
Rademacher types and cotypes of these spaces [Sch81]. 

Example 7.4. Let I be an arbitrary infinite index set. We define £ P (I) for 1 < 
P < oo as usual, i.e., £ P (I) is the completion of the space of families x = (x a ) ae i 
where only finitely many components x a do not vanish, with respect to the norm 
\\ x \\p '■= Eae/ \ x <*\ p - Then T(£ p (/)) = UT(F(J)) = p. In particular, £ p {h) and 
£ q (J-2) are not isomorphic if p ^ q and either one of Ji and I2 is infinite. 

Proof. Since l p can naturally considered as a closed subspace of £ P (I), Lemma l3~T1 
ensures that T(£ P (I)) < p. If on the other hand (x n ) is any sequence in £ P (I) 
such that x n — v in £ P (I), then the set J of indices where at least one of the 
x n does not vanish, is at most countable. So (x n ) is a sequence in the subspace 
£ p {J) of £ p (I) and a:„ ^ in £ P (J). Because £ P {J) is isomorphic to £ p or a finite 
dimensional space, the estimate on the partial sums follows either from Example 1 7. II 
or Example O This shows UT(F(I)) > p. □ 

Example 7.5 (Hilbert spaces). Every infinite dimensional inner product space H is 
of unconditional type 2, but not of type q for any q > 2, hence \JT(H) = T(H) = 2. 

Proof. The case H = £ 2 is a special case of Example 17.21 Thus the claim holds 
for every infinite dimensional separable Hilbert space due to Lemma l3~4l Now the 
assertion follows from Lemmata l3.2l and 13.31 □ 

So far we have only seen examples of Banach spaces X with T(X) = XJT(X) = p 
for p G (1, 00]. The following example shows that also p = 1 is possible. 

Example 7.6. T(C[0, 1]) = UT(C[0, 1]) = 1. 

Proof. In fact, it is known that every separable Banach space X is isometric to a 
closed subspace of C[0, 1] |JL01[ Section 1.4]. Hence by Lemma l3~3l 

UT(C[0, 1]) < T(C[0, 1]) < inf T(£ p ) = 1. □ 

pS(l,oo) 

Recall that the Rademacher cotype of £ p and L p (0, 1) is p for every 2 < p < 00. 
For the Banach-Mazur type the situation is different as the following example shows. 

Example 7.7. Let 2 < p < 00. Then \JT(L p (0, 1)) = T(L p (0, 1)) = 2. 

Proof. It can be shown that L p (0, 1) contains an isomorphic copy of £ 2 |JL01| 
Section 1.4], so by Lemma [3TT1 the type of L p (0, 1) can be at most 2. But on the 
other hand, if (/„) is a sequence in I/ p (0, 1) such that < limsup„ ||/|| n < 00, then 
(/„) has a subsequence which is equivalent to the unit vector sequence in either £ 2 
or (P |JL0H Section 1.8]. In both cases we obtain the estimate for the unconditional 
type, thus showing UT(L p (0, 1)) > 2, and the assertion is proved. □ 

Remark 7.8. It is possible to show that in fact T(L p (0, 1)) = p for p e (1,2], 
see |Ban32l Theoreme XII.2]. 

This shows that the spaces £ p and L p (0, 1) are non-isomorphic at least for p G 
(2, 00) which does not follow from the value of the Rademacher types of these spaces. 
Thus the Banach-Mazur type carries interesting information about a Banach space 
which escapes some other concepts. 
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8. Open Problems 

Question 8.1. Does any Banach space X satisfy UT(X) = T(X)? 

Question 8.2. If X is of type p := T(X) < oo, is there a sequence (x n ) in X such 
that any subsequence (x nk ) of (x n ) satisfies 

\\X^ N II 

H msU pM±iM >0] 

and similarly for the unconditional type? In other words, is there always a sequence 
for which the growth estimate is sharp? 

Question 8.3. Can the constant C in |T]) and ([2]) always be chosen as 

C < c p limsup ||xn||, 

n — >oo 

where c p is some universal constant depending only on pi 
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